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Bayesian statistics
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CHAPTER 3

Three applied examples

derivations for equation (1.3.3)

f (y|p) =
n

∏
i=1

pyi(1− p)1−yi = p∑
n
i=1 yi(1− p)∑

n
i=1 1−yi = pm(1− p)n−m (a.1.3.1)

derivations for equation (1.3.5)

The derivative is given by:

dlog( f (y|p))
d p

=
m
p
− n−m

1− p
(a.1.3.2)

Set the value to 0 and solve for p:

m
p
− n−m

1− p
= 0

⇔ m
p
=

n−m
1− p

⇔ m(1− p) = p(n−m)

⇔ m−mp = np−mp

⇔ m = np

⇔ p =
m
n

(a.1.3.3)

derivations for equation (1.3.11)

f (y|p) =
n

∏
i=1

λ yie−λ

yi!
=

∏
n
i=1 λ yi ∏

n
i=1 e−λ

∏
n
i=1 yi!

=
λ ∑

n
i=1 yi e−nλ

∏
n
i=1 yi!

(a.1.3.4)

derivations for equation (1.3.13)

The derivative is given by:

dlog( f (y|λ ))
dλ

=
∑

n
i=1 yi

λ
−n (a.1.3.5)

Set the value to 0 and solve for λ :

∑
n
i=1 yi

λ
−n = 0

⇔ ∑
n
i=1 yi

λ
= n

⇔ λ =
1
n

n

∑
i=1

yi (a.1.3.6)
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4 CHAPTER 3. THREE APPLIED EXAMPLES

derivations for equation (1.3.16)

λ ∑
n
i=1 yi e−nλ ×λ

a−1 e−λ/b

= λ
a+∑

n
i=1 yi−1 e−λ (n+1/b)

= λ
a+∑

n
i=1 yi−1 e−λ/(n+1/b)−1

(a.1.3.7)

Now:

(n+1/b)−1 =
1

n+1/b
=

b
bn+1

(a.1.3.8)

Hence:

λ ∑
n
i=1 yi e−nλ ×λ

a−1 e−λ/b

= λ
a+∑

n
i=1 yi−1 e−λ/ b

bn+1 (a.1.3.9)

derivations for equation (1.3.19)

f (y|µ)

=
n

∏
i=1

(2πσ)−1/2exp
(
−1

2
(yi−µ)2

σ

)
=

n

∏
i=1

(2πσ)−1/2
n

∏
i=1

exp
(
−1

2
(yi−µ)2

σ

)
= (2πσ)−n/2 exp

(
−1

2

n

∑
i=1

(yi−µ)2

σ

)
(a.1.3.10)

derivations for equation (1.3.21)

The derivative is given by:

dlog( f (y|µ))
dµ

=
n

∑
i=1

(yi−µ)

σ
(a.1.3.11)

Set the value to 0 and solve for µ:
n

∑
i=1

(yi−µ)

σ
= 0

⇔
n

∑
i=1

(yi−µ) = 0

⇔
n

∑
i=1

yi−nµ = 0

⇔
n

∑
i=1

yi = nµ

⇔ µ =
1
n

n

∑
i=1

yi (a.1.3.12)
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derivations for equation (1.3.24)

First group the exponential terms:

π(µ|y) ∝ exp

(
−1

2

n

∑
i=1

(yi−µ)2

σ

)
× exp

(
−1

2
(µ−m)2

v

)
= exp

(
−1

2

[
n

∑
i=1

(yi−µ)2

σ
+

(µ−m)2

v

])
(a.1.3.13)

Develop the term within the square bracket:
n

∑
i=1

(yi−µ)2

σ
+

(µ−m)2

v

=
1
σ

n

∑
i=1

(y2
i +µ

2−2µyi)+
1
v
(µ2 +m2−2µm)

=
1
σ

(
n

∑
i=1

y2
i +nµ

2−2µ

n

∑
i=1

yi)

)
+

1
v
(µ2 +m2−2µm) (a.1.3.14)

Group the terms:

= µ
2
(

n
σ
+

1
v

)
−2µ

(
1
σ

n

∑
i=1

yi +
m
v

)
+

1
σ

n

∑
i=1

y2
i +

m2

v
(a.1.3.15)

Set back in (a.1.3.13):

π(µ|y) ∝ exp

(
−1

2

[
µ

2
(

n
σ
+

1
v

)
−2µ

(
1
σ

n

∑
i=1

yi +
m
v

)
+

1
σ

n

∑
i=1

y2
i +

m2

v

])
(a.1.3.16)
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CHAPTER 4

Further aspects of Bayesian priors and
posteriors

derivations for equation (1.4.5)

First group the terms:

π(µ,σ |y)

∝ σ
−n/2 exp

(
−1

2

n

∑
i=1

(yi−µ)2

σ

)
×σ

−1/2exp
(
−1

2
(µ−m)2

vσ

)
×σ

−α/2−1exp
(
− δ

2σ

)

= σ
−(n+α)/2−1×σ

−1/2× exp

(
− 1

2σ

[
n

∑
i=1

(yi−µ)2 +
(µ−m)2

v
+δ

])
(a.1.4.1)

Develop the term in the square bracket:

n

∑
i=1

(yi−µ)2 +
(µ−m)2

v
+δ

=
n

∑
i=1

(y2
i +µ

2−2µyi)+
µ2

v
+

m2

v
−2µ

m
v
+δ

=
n

∑
i=1

y2
i +nµ

2−2µ

n

∑
i=1

yi +
µ2

v
+

m2

v
−2µ

m
v
+δ

= µ
2
(

n+
1
v

)
−2µ

(
n

∑
i=1

yi +
m
v

)
+

n

∑
i=1

y2
i +

m2

v
+δ (a.1.4.2)

Complete the squares:

= µ
2
(

n+
1
v

)
−2µ

v̄
v̄

(
n

∑
i=1

yi +
m
v

)
+

n

∑
i=1

y2
i +

m2

v
+δ +

m̄2

v̄
− m̄2

v̄
(a.1.4.3)

Define:

v̄ =
(

n+
1
v

)−1

m̄ = v̄

(
n

∑
i=1

yi +
m
v

)
(a.1.4.4)

Then (a.1.4.3) rewrites:

=
µ2

v̄
+

m̄2

v̄
−2µ

m̄
v̄
+

n

∑
i=1

y2
i +

m2

v
+δ − m̄2

v̄

=
(µ− m̄)2

v̄
+

n

∑
i=1

y2
i +

m2

v
+δ − m̄2

v̄
(a.1.4.5)
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8 CHAPTER 4. FURTHER ASPECTS OF BAYESIAN PRIORS AND POSTERIORS

Substituting back (a.1.4.5) in (a.1.4.1) eventually yields:

π(µ,σ |y)

∝ σ
−(n+α)/2−1×σ

−1/2× exp

(
− 1

2σ

[
(µ− m̄)2

v̄
+

n

∑
i=1

y2
i +

m2

v
+δ − m̄2

v̄

])

= σ
−(n+α)/2−1×σ

−1/2× exp
(
−1

2
(µ− m̄)2

σ v̄

)
× exp

(
− 1

2σ

[
n

∑
i=1

y2
i +

m2

v
+δ − m̄2

v̄

])

= σ
−ᾱ/2−1×σ

−1/2× exp
(
−1

2
(µ− m̄)2

σ v̄

)
× exp

(
− δ̄

2σ

)
(a.1.4.6)

with:

ᾱ = n+α δ̄ =
n

∑
i=1

y2
i +

m2

v
+δ − m̄2

v̄
(a.1.4.7)

derivations for equation (1.4.10)

Rearrange the terms:

π(µ|y)

∝ Γ

(
ᾱ +1

2

)(
δ̄ +(µ− m̄)2/v̄

2

)− ᾱ+1
2

∝

(
δ̄ +(µ− m̄)2/v̄

2

)− ᾱ+1
2

∝

(
δ̄ +

(µ− m̄)2

v̄

)− ᾱ+1
2

= δ̄

(
1+

(µ− m̄)2

δ̄ v̄

)− ᾱ+1
2

∝

(
1+

(µ− m̄)2

δ̄ v̄

)− ᾱ+1
2

=

(
1+

1
ᾱ

(µ− m̄)2

δ̄ v̄/ᾱ

)− ᾱ+1
2

(a.1.4.8)

derivations for equation (1.4.13)

Solve for the derivative:

2
∫
(θ̂ −θ) π(θ |y)dθ = 0

⇔
∫
(θ̂ −θ) π(θ |y)dθ = 0

⇔
∫

θ̂ π(θ |y)dθ −
∫

θ π(θ |y)dθ = 0

⇔ θ̂

∫
π(θ |y)dθ =

∫
θ π(θ |y)dθ

⇔ θ̂ =
∫

θ π(θ |y)dθ (a.1.4.9)
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derivations for equation (1.4.16)

Rearrange the expression:

f (y) =
∫ ∫

(2π)−n/2 (2π)−1/2 v−1/2 δ/2α/2

Γ(α/2)

×σ
−n/2exp

(
−1

2

n

∑
i=1

(yi−µ)2

σ

)
× σ

−1/2exp
(
−1

2
(µ−m)2

vσ

)
× σ

−α/2−1exp
(
− δ

2σ

)
dµdσ

(a.1.4.10)

The second row can be recognised as equation (a.1.4.1). Using the same manipulations, one obtains
equation (a.1.4.6), and thus the previous expression rewrites as:

f (y) =
∫ ∫

(2π)−n/2 (2π)−1/2 v−1/2 δ/2α/2

Γ(α/2)

×σ
−1/2exp

(
−1

2
(µ− m̄)2

σ v̄

)
×σ

−ᾱ/2−1exp
(
− δ̄

2σ

)
dµdσ (a.1.4.11)

with m̄, v̄, ᾱ and δ̄ defined as in (a.1.4.4) and (a.1.4.7). Now add multiplicative terms to obtain normal and
inverse Gamma probability density functions, and take constants out of the integral:

f (y) = (2π)−n/2 v−1/2 v̄1/2 δ/2α/2

Γ(α/2)
Γ(ᾱ/2)
δ̄/2ᾱ/2

×
∫ ∫

(2π v̄σ)−1/2exp
(
−1

2
(µ− m̄)2

σ v̄

)
× δ̄/2ᾱ/2

Γ(ᾱ/2)
σ
−ᾱ/2−1exp

(
− δ̄

2σ

)
dµdσ (a.1.4.12)

The expression can simplify further. Consider only the constant on the first line:

(2π)−n/2 v−1/2 v̄1/2 δ/2α/2

Γ(α/2)
Γ(ᾱ/2)
δ̄/2ᾱ/2

= 2−n/2
π
−n/2 v−1/2 ((n+1/v)−1)1/2 δ α/2

δ̄
¯α/2

2ᾱ/2

2α/2

Γ(ᾱ/2)
Γ(α/2)

= 2−n/2
π
−n/2 v−1/2 (n+1/v)−1/2 δ α/2

δ̄
¯α/2

2(α+n)/2

2α/2

Γ(ᾱ/2)
Γ(α/2)

= π
−n/2 (1+ vn)−1/2 δ α/2

δ̄
¯α/2

Γ(ᾱ/2)
Γ(α/2)

(a.1.4.13)

Substitute back in (a.1.4.12):

f (y) = π
−n/2 (1+ vn)−1/2 δ α/2

δ̄
¯α/2

Γ(ᾱ/2)
Γ(α/2)

×
∫ ∫

(2π v̄σ)−1/2exp
(
−1

2
(µ− m̄)2

σ v̄

)
× δ̄/2ᾱ/2

Γ(ᾱ/2)
σ
−ᾱ/2−1exp

(
− δ̄

2σ

)
dµdσ (a.1.4.14)
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derivations for equation (1.4.19)

Rearrange the expression:

P(Mi|y) =
f (y|Mi) P(Mi)

f (y)

⇔ P(Mi|y) =
f (y,Mi) / π(Mi) P(Mi)

f (y)

⇔ P(Mi|y) =

∫
f (y,Mi,θi) / π(Mi)dθi P(Mi)

f (y)

⇔ P(Mi|y) =

∫ f (y,Mi,θi)

π(Mi,θ)

π(Mi,θ)

π(Mi)
dθi P(Mi)

f (y)

⇔ P(Mi|y) =

∫
f (y|Mi,θi) π(θ |Mi)dθi P(Mi)

f (y)
(a.1.4.15)

derivations for equation (1.4.24)

Rearrange the expression to obtain:

f (ŷ|y)

=
∫ ∫

σ
−1/2exp

(
−1

2
(ŷ−µ)2

σ

)
×σ

−n/2 exp

(
−1

2

n

∑
i=1

(yi−µ)2

σ

)

×σ
−1/2exp

(
−1

2
(µ−m)2

vσ

)
×σ

−α/2−1exp
(
− δ

2σ

)
dµdσ

=
∫ ∫

σ
−1/2exp

(
− 1

2σ

[
(ŷ−µ)2 +

n

∑
i=1

(yi−µ)2 +
(µ−m)2

v
+δ

])
σ
−(α+n+1)/2−1dµdσ

=
∫ ∫

σ
−1/2exp

(
− 1

2σ

[
(ŷ−µ)2 +

n

∑
i=1

(yi−µ)2 +
(µ−m)2

v
+δ

])
σ
−α̂/2−1dµdσ (a.1.4.16)

with:

α̂ = α +n+1 (a.1.4.17)
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Consider the term in square brackets:

(ŷ−µ)2 +
n

∑
i=1

(yi−µ)2 +
(µ−m)2

v
+δ

= ŷ2 +µ
2−2ŷµ +

n

∑
i=1

(y2
i +µ

2−2yiµ)+
µ2

v
+

m2

v
−2µ

m
v
+δ

= ŷ2 +µ
2−2ŷµ +

n

∑
i=1

y2
i +nµ

2−2µ

n

∑
i=1

yi +
µ2

v
+

m2

v
−2µ

m
v
+δ

=

(
δ + ŷ2 +

n

∑
i=1

y2
i +

m2

v

)
+µ

2
(

1+n+
1
v

)
−2µ

(
ŷ+

n

∑
i=1

yi +
m
v

)

=

(
δ + ŷ2 +

n

∑
i=1

y2
i +

m2

v

)
+µ

2
(

1+n+
1
v

)
−2µ

v̂
v̂

(
ŷ+

n

∑
i=1

yi +
m
v

)
+

m̂2

v̂
− m̂2

v̂

=

(
δ + ŷ2 +

n

∑
i=1

y2
i +

m2

v
− m̂2

v̂

)
+µ

2
(

1+n+
1
v

)
−2µ

v̂
v̂

(
ŷ+

n

∑
i=1

yi +
m
v

)
+

m̂2

v̂
(a.1.4.18)

Define:

δ̂ =

(
δ + ŷ2 +

n

∑
i=1

y2
i +

m2

v
− m̂2

v̂

)
v̂ =

(
1+n+

1
v

)−1

m̂ = v̂

(
ŷ+

n

∑
i=1

yi +
m
v

)
(a.1.4.19)

Then (a.1.4.17) becomes:

= δ̂ +
µ2

v̂
−2µ

m̂
v̂
+

m̂2

v̂

= δ̂ +
(µ− m̂)2

v̂
(a.1.4.20)

Substitute back in (a.1.4.16):

f (ŷ|y)

=
∫ ∫

σ
−1/2exp

(
− 1

2σ

[
δ̂ +

(µ− m̂)2

v̂

])
σ
−α̂/2−1dµdσ

=
∫ ∫

σ
−1/2exp

(
−1

2
(µ− m̂)2

v̂σ

)
×σ

−α̂/2−1exp

(
− δ̂

2σ

)
dµdσ

=
∫

σ
−α̂/2−1exp

(
− δ̂

2σ

) ∫
σ
−1/2exp

(
−1

2
(µ− m̂)2

v̂σ

)
dµdσ (a.1.4.21)

The second integral contains the kernel of a normal distribution with mean m̂ and variance v̂σ . It thus
integrates to a constant (not involving ŷ) and can be relegated to the normalization constant, yielding:

∝

∫
σ
−(α̂+1)/2−1exp

(
− δ̂

2σ

)
dσ (a.1.4.22)

The remaining integral contains the kernel of an inverse Gamma distribution with shape α̂ and scale δ̂ . It
integrates to the reciprocal of the normalization constant of the inverse Gamma distribution (see book1,
section 4.3), which does involve ŷ. The term must thus be retained, yielding:
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f (ŷ|y)
∝ Γ(α̂)(δ̂/2)−α̂/2

∝ (δ̂/2)−α̂/2

∝ (δ̂ )−α̂/2

=

(
δ + ŷ2 +

n

∑
i=1

y2
i +

m2

v
− m̂2

v̂

)−α̂/2

=

δ + ŷ2 +
n

∑
i=1

y2
i +

m2

v
− v̂

[
ŷ+

n

∑
i=1

yi +
m
v

]2
−α̂/2

(a.1.4.23)

Define:

m̃ =
n

∑
i=1

yi +
m
v

(a.1.4.24)

Then (a.1.4.23) becomes:

=

(
δ + ŷ2 +

n

∑
i=1

y2
i +

m2

v
− v̂[ŷ+ m̃]2

)−α̂/2

=

(
δ + ŷ2 +

n

∑
i=1

y2
i +

m2

v
− v̂ŷ2− v̂m̃2−2v̂m̃ŷ

)−α̂/2

=

(
δ +

n

∑
i=1

y2
i +

m2

v
− v̂m̃2 + ŷ2(1− v̂)−2v̂m̃ŷ

)−α̂/2

(a.1.4.25)

Complete the squares:

=

(
δ +

n

∑
i=1

y2
i +

m2

v
− v̂m̃2 + ŷ2(1− v̂)−2v̂

v̈
v̈

m̃ŷ+
m̈2

v̈
− m̈2

v̈

)−α̂/2

=

([
δ +

n

∑
i=1

y2
i +

m2

v
− v̂m̃2− m̈2

v̈

]
+ ŷ2(1− v̂)−2v̂

v̈
v̈

m̃ŷ+
m̈2

v̈

)−α̂/2

(a.1.4.26)

Define:

ᾱ = α +n δ̈ = δ +
n

∑
i=1

y2
i +

m2

v
− v̂m̃2− m̈2

v̈
v̈ = (1− v̂)−1 m̈ = v̂v̈m̃ (a.1.4.27)
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Then (a.1.4.26) becomes:

=

(
δ̈ +

ŷ2

v̈
−2ŷ

m̈
v̈
+

m̈2

v̈

)−(ᾱ+1)/2

=

(
δ̈ +

(ŷ− m̈)2

v̈

)−(ᾱ+1)/2

= δ̈
−(ᾱ+1)/2

(
1+

(ŷ− m̈)2

δ̈ v̈

)−(ᾱ+1)/2

∝

(
1+

(ŷ− m̈)2

δ̈ v̈

)−(ᾱ+1)/2

=

(
1+

1
ᾱ

(ŷ− m̈)2

δ̈ v̈/ᾱ

)−(ᾱ+1)/2

(a.1.4.28)

Finally, reformulate all the messy terms:

v̈ = (1− v̂)−1 =
1

1− v̂
=

1
1− 1

1+n+ 1
v

=
1

1+n+ 1
v−1

1+n+ 1
v

=
1

n+ 1
v

1+n+ 1
v

=
1+n+ 1

v

n+ 1
v

=
v+ vn+1

vn+1

= 1+
v

vn+1
= 1+

1
n+1/v

= 1+
(

n+
1
v

)−1

= 1+ v̄ (a.1.4.29)

with v̄ defined as in (a.1.4.4).

Also:

v̂
1− v̂

=

1
1+n+ 1

v

1− 1
1+n+ 1

v

=

1
1+n+ 1

v

1+n+ 1
v−1

1+n+ 1
v

=

1
1+n+ 1

v

n+ 1
v

1+n+ 1
v

=
1

n+ 1
v

=

(
n+

1
v

)−1

= v̄ (a.1.4.30)

Then:

m̈ = v̂v̈m̃ =
v̂

1− v̂
m̃ = v̄m̃ = v̄

(
n

∑
i=1

yi +
m
v

)
= m̄ (a.1.4.31)

with m̄ defined as in (a.1.4.4).

Finally:

v̂m̃2 +
m̈2

v̈
= v̂m̃2 +(v̂v̈m̃)2/v̈ = v̂m̃2 + v̂2v̈m̃2 = v̂m̃2(1+ v̂v̈) = v̂m̃2

(
1+

v̂
1− v̂

)
= v̂m̃2

(
1− v̂+ v̂

1− v̂

)
= v̂m̃2

(
1

1− v̂

)
= m̃2

(
v̂

1− v̂

)
= m̃2v̄ = m̃m̄ =

m̄
v̄

m̄ =
m̄2

v̄
(a.1.4.32)

Substitute in (a.1.4.27) to obtain:

δ̈ = δ +
n

∑
i=1

y2
i +

m2

v
− m̄2

v̄
= δ̄ (a.1.4.33)

with δ̄ defined as in (a.1.4.7).

Substitute (a.1.4.29), (a.1.4.31) and (a.1.4.33) in (a.1.4.28) to eventually obtain:

f (ŷ|y) ∝

(
1+

1
ᾱ

(ŷ− m̄)2

δ̄ (1+ v̄)/ᾱ

)−(ᾱ+1)/2

(a.1.4.34)
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CHAPTER 5

Properties of Bayesian estimates

derivations for equation (1.5.1)

The mean of a Beta distribution with shapes a and b is given by a
a+b . Given the posterior hyperparameters

ᾱ = α +m and β̄ = β +n−m, the posterior mean writes as:

E(p|y)

=
ᾱ

ᾱ + β̄

=
α +m

α +m+β +n−m

=
α +m

α +β +n

=
α

α +β +n
+

m
α +β +n

=
α

α +β

α +β

α +β +n
+

m
n

n
α +β +n

= γ E(p)+(1− γ) p̂ (a.1.5.1)

with:

E(p) =
α

α +β
p̂ =

m
n

γ =
α +β

α +β +n
(a.1.5.2)

derivations for equation (1.5.2)

The mean of a Gamma distribution with shape a and scale b is given by ab. Given the posterior hyperpa-
rameters ā = a+∑

n
i=1 yi and b̄ = b

bn+1 , the posterior mean writes as:

E(λ |y)

=
(a+∑

n
i=1 yi)b

bn+1

=
ab

bn+1
+

b∑
n
i=1 yi

bn+1

= ab
(

1
bn+1

)
+

∑
n
i=1 yi

n

(
bn

bn+1

)
= γ E(λ )+(1− γ) λ̂ (a.1.5.3)

with:

E(λ ) = ab λ̂ =
∑

n
i=1 yi

n
γ =

1
bn+1

(a.1.5.4)
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derivations for equation (1.5.3)

The mean of a normal distribution with mean µ and variance σ is given by µ . Given the posterior
hyperparameters v̄ =

( n
σ
+ 1

v

)−1 and m̄ = v̄
( 1

σ
∑

n
i=1 yi +

m
v

)
, the posterior variance writes as:

v̄ =
(

n
σ
+

1
v

)−1

=
1

n/σ +1/v
=

σ

n+σ/v
(a.1.5.5)

Then the posterior mean can be expressed as:

E(µ|y)

=
σ

n+σ/v

(
1
σ

n

∑
i=1

yi +
m
v

)

=
1

n+σ/v

(
n

∑
i=1

yi

)
+

σ

n+σ/v

(m
v

)
=

n
n+σ/v

(
∑

n
i=1 yi

n

)
+

σ/v
n+σ/v

m

=
vn

vn+σ

(
∑

n
i=1 yi

n

)
+

σ

vn+σ
m

= γ E(µ)+(1− γ) µ̂ (a.1.5.6)

with:

E(µ) = m µ̂ =
∑

n
i=1 yi

n
γ =

σ

vn+σ
(a.1.5.7)



PART II

Simulation methods
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CHAPTER 6

The Gibbs sampling algorithm

derivations for equation (2.6.17)

Combine all the terms to obtain:

f (y)

≈ (2πσ)−n/2 exp

(
−1

2

n

∑
i=1

(yi−µ)2

σ

)
(2πv)−1/2 exp

(
−1

2
(µ−m)2

v

)
1
J ∑

J
j=1(2π v̄)−1/2 exp

(
−1

2
(µ−m̄)2

v̄

) δ/2α/2

Γ(α/2)σ
−α/2−1 exp

(
− δ

2σ

)
δ̄/2ᾱ/2

Γ(ᾱ/2)σ
−ᾱ/2−1 exp

(
− δ̄

2σ

)
= (2π)−n/2

σ
−n/2 exp

(
−1

2

n

∑
i=1

(yi−µ)2

σ

)
v−1/2 exp

(
−1

2
(µ−m)2

v

)
1
J ∑

J
j=1 v̄−1/2 exp

(
−1

2
(µ−m̄)2

v̄

) δ/2α/2

Γ(α/2)σ
−α/2−1 exp

(
− δ

2σ

)
δ̄/2ᾱ/2

Γ(ᾱ/2)σ
−(α+n)/2−1 exp

(
− δ̄

2σ

)
= (2π)−n/2 exp

v−1/2 exp
(
−1

2
(µ−m)2

v

)
1
J ∑

J
j=1 v̄−1/2 exp

(
−1

2
(µ−m̄)2

v̄

) δ/2α/2

Γ(α/2) exp
(
− 1

2σ

[
δ +∑

n
i=1(yi−µ)2

])
δ̄/2ᾱ/2

Γ(ᾱ/2) exp
(
− δ̄

2σ

)
= (2π)−n/2 exp

v−1/2 exp
(
−1

2
(µ−m)2

v

)
1
J ∑

J
j=1 v̄−1/2 exp

(
−1

2
(µ−m̄)2

v̄

) δ/2α/2

Γ(α/2)

δ̄/2ᾱ/2

Γ(ᾱ/2)

= 2−n/2
π
−n/2 exp

v−1/2 exp
(
−1

2
(µ−m)2

v

)
1
J ∑

J
j=1 v̄−1/2 exp

(
−1

2
(µ−m̄)2

v̄

) δ α/2

Γ(α/2)

δ̄ ᾱ/2

Γ(ᾱ/2)

2ᾱ/2

2α/2

= π
−n/2 exp

v−1/2 exp
(
−1

2
(µ−m)2

v

)
1
J ∑

J
j=1 v̄−1/2 exp

(
−1

2
(µ−m̄)2

v̄

) δ α/2

Γ(α/2)

δ̄ ᾱ/2

Γ(ᾱ/2)

= π
−n/2 δ α/2

δ̄ ᾱ/2

Γ(ᾱ/2)
Γ(α/2)

exp
(
−1

2
(µ−m)2

v

)
1
J ∑

J
j=1(v/v̄)1/2 exp

(
−1

2
(µ−m̄)2

v̄

) (a.2.6.1)

Now:

v/v̄ = v(n/σ +1/v) = vn/σ +1 (a.2.6.2)

Hence:

f (y)≈ π
−n/2 δ α/2

δ̄ ᾱ/2

Γ(ᾱ/2)
Γ(α/2)

exp
(
−1

2
(µ−m)2

v

)
1
J ∑

J
j=1(1+ vn/σ)1/2 exp

(
−1

2
(µ−m̄)2

v̄

) (a.2.6.3)
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CHAPTER 7

The Metropolis-Hastings algorithm

derivations for equation (2.7.7)

Rearrange:

π(µ|y,λ )

∝ exp

(
−1

2

n

∑
i=1

(yi−µ)2

exp(λ )

)
× exp

(
−1

2
(µ−m)2

v

)

= exp

(
−1

2

[
n

∑
i=1

(yi−µ)2

exp(λ )
+

(µ−m)2

v

])
(a.2.7.1)

Develop the term within the square bracket:

n

∑
i=1

(yi−µ)2

exp(λ )
+

(µ−m)2

v

=
1

exp(λ )

n

∑
i=1

(y2
i +µ

2−2µyi)+
1
v
(µ2 +m2−2µm)

=
1

exp(λ )

(
n

∑
i=1

y2
i +nµ

2−2µ

n

∑
i=1

yi)

)
+

1
v
(µ2 +m2−2µm) (a.2.7.2)

Group the terms and complete the squares:

= µ
2
(

n
exp(λ )

+
1
v

)
−2µ

(
1

exp(λ )

n

∑
i=1

yi +
m
v

)
+

1
exp(λ )

n

∑
i=1

y2
i +

m2

v

= µ
2
(

n
exp(λ )

+
1
v

)
−2µ

v̄
v̄

(
1

exp(λ )

n

∑
i=1

yi +
m
v

)
+

1
exp(λ )

n

∑
i=1

y2
i +

m2

v
+

m̄2

v̄
− m̄2

v̄
(a.2.7.3)

Define:

v̄ =
(

n
exp(λ )

+
1
v

)−1

m̄ = v̄

(
1

exp(λ )

n

∑
i=1

yi +
m
v

)
(a.2.7.4)

Then (a.2.7.3) rewrites:

=
µ2

v̄
+

m̄2

v̄
−2µ

m̄
v̄
+

1
exp(λ )

n

∑
i=1

y2
i +

m2

v
− m̄2

v̄

=
(µ− m̄)2

v̄
+

1
exp(λ )

n

∑
i=1

y2
i +

m2

v
− m̄2

v̄
(a.2.7.5)

21



22 CHAPTER 7. THE METROPOLIS-HASTINGS ALGORITHM

Substitute back in (a.2.7.1):

π(µ|y,λ )

∝ exp

(
−1

2

[
(µ− m̄)2

v̄
+

1
exp(λ )

n

∑
i=1

y2
i +

m2

v
− m̄2

v̄

])

= exp
(
−1

2
(µ− m̄)2

v̄

)
exp

(
−1

2

[
1

exp(λ )

n

∑
i=1

y2
i +

m2

v
− m̄2

v̄

])

∝ exp
(
−1

2
(µ− m̄)2

v̄

)
(a.2.7.6)

derivations for equation (2.7.14)

α(λ ( j−1),λ ( j))

=
exp(λ ( j))−n/2

exp(λ ( j−1))−n/2

exp
(
−1

2 ∑
n
i=1

(yi−µ)2

exp(λ ( j))

)
exp
(
−1

2 ∑
n
i=1

(yi−µ)2

exp(λ ( j−1))

) exp
(
−1

2
(λ ( j)−g)2

z

)
exp
(
−1

2
(λ ( j−1)−g)2

z

) (a.2.7.7)

Consider the first term:

exp(λ ( j))−n/2

exp(λ ( j−1))−n/2

= exp(λ ( j)−λ
( j−1))−n/2

= exp
(n

2
(λ ( j−1)−λ

( j))
)

(a.2.7.8)

Consider the second term:

exp
(
−1

2 ∑
n
i=1

(yi−µ)2

exp(λ ( j))

)
exp
(
−1

2 ∑
n
i=1

(yi−µ)2

exp(λ ( j−1))

)
=

exp
(
−1

2 exp(−λ ( j))∑
n
i=1(yi−µ)2

)
exp
(
−1

2 exp(−λ ( j−1))∑
n
i=1(yi−µ)2

)
= exp

(
−1

2

[
exp(−λ

( j))− exp(−λ
( j−1))

] n

∑
i=1

(yi−µ)2

)

= exp

(
1
2

[
exp(−λ

( j−1))− exp(−λ
( j))
] n

∑
i=1

(yi−µ)2

)
(a.2.7.9)

Consider the third term:

exp
(
−1

2
(λ ( j)−g)2

z

)
exp
(
−1

2
(λ ( j−1)−g)2

z

)
= exp

(
−1

2

[
(λ ( j)−g)2− (λ ( j−1)−g)2

z

])

= exp

(
1
2

[
(λ ( j−1)−g)2− (λ ( j)−g)2

z

])
(a.2.7.10)
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Substitute back in (a.2.7.7):

α(λ ( j−1),λ ( j))

= exp

1
2

 n(λ ( j−1)−λ ( j))+
[
exp(−λ ( j−1))− exp(−λ ( j))

]
∑

n
i=1(yi−µ)2

+
(λ ( j−1)−g)2− (λ ( j)−g)2

z

 (a.2.7.11)

derivations for equation (2.7.21)

Rearrange the expression:

1
f (y)

≈ 1
J

J

∑
j=1

g(θ ( j))

f (y|µ( j),λ ( j)) π(µ( j)) π(λ ( j))

=
1
J

J

∑
j=1

1(θ ∈ Θ̂)×ω−1(2π)−k/2|Σ̂|−1/2 exp
(
−1

2(θ − θ̂)′Σ̂−1(θ − θ̂)
)
1(θ ∈ Θ̂)

(2π exp(λ ))−n/2 exp
(
−1

2 ∑
n
i=1

(yi−µ)2

exp(λ )

)
(2πv)−1/2 exp

(
−1

2
(µ−m)2

v

)
(2πz)−1/2 exp

(
−1

2
(λ−g)2

z

)
= 1(θ ∈ Θ̂)×ω

−1(2π)(n+2−k)/2|Σ̂|−1/2(vz)1/2

× 1
J

J

∑
j=1

exp

(
1
2

[
nλ +

n

∑
i=1

(yi−µ)2

exp(λ )
+

(µ−m)2

v
+

(λ −g)2

z
− (θ − θ̂)′Σ̂−1(θ − θ̂)

])
= 1(θ ∈ Θ̂)× (ωJ)−1(2π)n/2|Σ̂|−1/2(vz)1/2

×
J

∑
j=1

exp

(
1
2

[
nλ +

n

∑
i=1

(yi−µ)2

exp(λ )
+

(µ−m)2

v
+

(λ −g)2

z
− (θ − θ̂)′Σ̂−1(θ − θ̂)

])
(a.2.7.12)
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CHAPTER 8

Mathematical theory

derivations for equation (2.8.11)

The definition of an invariant distribution implies that:

(
π1 π2 π3 π4 · · ·

)


p+q r 0 0 0 · · ·
p q r 0 0 · · ·
0 p q r 0 · · ·
0 0 p q r · · ·
...

...
...

...
...

. . .

=
(
π1 π2 π3 π4 · · ·

)
(a.2.8.1)

The product with the first column of P yields:

π1(p+q)+π2 p = π1

⇔ π2 p = π1(1− p−q)

⇔ π2 p = π1r

⇔ π2 = (r/p)π1 (a.2.8.2)

The second column yields:

π1r+π2q+π3 p = π2

⇔ π1r+π3 p = π2(1−q)

⇔ π1r+π3 p = π1(r/p)(1−q)

⇔ π1 +π3(p/r) = π1(1−q)/p

⇔ π3(p/r) = π1(1−q− p)/p

⇔ π3(p/r) = π1(r/p)

⇔ π3(p/r) = π2

⇔ π3 = (r/p)π2

⇔ π3 = (r/p)2
π1

(a.2.8.3)
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The third column yields:

π2r+π3q+π4 p = π3

⇔ π2r+π4 p = π3(1−q)

⇔ π2r+π4 p = π2(r/p)(1−q)

⇔ π2 +π4(p/r) = π2(1−q)/p

⇔ π4(p/r) = π2(1−q− p)/p

⇔ π4(p/r) = π2(r/p)

⇔ π4(p/r) = π3

⇔ π4 = (r/p)π3

⇔ π4 = (r/p)2
π2

⇔ π4 = (r/p)3
π1 (a.2.8.4)

Continuing this way, one obtains in general that π j = (r/p) j−1π1. If an invariant distribution exists, we
must have π1 +π2 +π3 · · ·= 1. Hence:

π1 +π2 +π3 + · · ·= 1

⇔ π1 +(r/p)π1 +(r/p)2
π1 + · · ·= 1

⇔ π1(1+(r/p)+(r/p)2 + · · ·) = 1

⇔ π1
1

1− r/p
= 1

⇔ π1 = 1− r/p (a.2.8.5)

derivations for equation (2.8.16)

Start from the definition and rearrange:

π(yt) =
∫

π(yt−1) p(yt−1,yt) dyt−1

∝

∫
exp
(
−1

2
(yt−1−µ)2

σ

)
exp
(
−1

2
(yt − c− γyt−1)

2

s

)
dyt−1

=
∫

exp
(
−1

2

[
(yt−1−µ)2

σ
+

(yt − c− γyt−1)
2

s

])
dyt−1

=
∫

exp
(
−1

2

[
(yt−1−µ)2(1− γ2)

s
+

(yt − c− γyt−1)
2

s

])
dyt−1

=
∫

exp
(
− 1

2s

[
(yt−1−µ)2(1− γ

2)+(yt −µ(1− γ)− γyt−1)
2]) dyt−1 (a.2.8.6)

Consider the term within the square brackets:

(yt−1−µ)2(1− γ
2)+(yt −µ(1− γ)− γyt−1)

2

= (1− γ
2)y2

t−1 +(1− γ
2)µ2−2(1− γ

2)µyt−1 + y2
t +µ

2(1− γ)2 + γ
2y2

t−1

− 2µ(1− γ)yt −2γytyt−1 +2µγ(1− γ)yt−1

= y2
t−1 +(1− γ

2)µ2−2(1− γ
2)µyt−1 + y2

t +µ
2(1− γ)2

− 2µ(1− γ)yt −2γytyt−1 +2µγ(1− γ)yt−1

= y2
t−1 +(1− γ

2)µ2−2µyt−1 +2γ
2
µyt−1 + y2

t +µ
2(1− γ)2

− 2µ(1− γ)yt −2γytyt−1 +2µγyt−1−2µγ
2yt−1 (a.2.8.7)
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= y2
t−1 +(1− γ

2)µ2−2µyt−1 + y2
t +µ

2(1− γ)2−2µ(1− γ)yt −2γytyt−1 +2µγyt−1

= y2
t−1 +(1− γ

2)µ2−2µyt−1(1− γ)+ y2
t +µ

2(1− γ)2−2µ(1− γ)yt −2γytyt−1

= y2
t−1 +(1− γ

2)µ2−2µyt−1(1− γ)+ y2
t +µ

2(1− γ)2−2µ(1− γ
2)yt +2µ(1− γ)γyt −2γytyt−1

= y2
t−1 +(1− γ

2)µ2−2µyt−1(1− γ)+(1− γ
2)y2

t + γ
2y2

t +µ
2(1− γ)2

− 2µ(1− γ
2)yt +2µ(1− γ)γyt −2γytyt−1

= (1− γ
2)y2

t +(1− γ
2)µ2−2µ(1− γ

2)yt

+ y2
t−1 +µ

2(1− γ)2 + γ
2y2

t −2γytyt−1−2µyt−1(1− γ)+2µ(1− γ)γyt

= (1− γ
2)y2

t +(1− γ
2)µ2−2µ(1− γ

2)yt

+ y2
t−1 + c2 + γ

2y2
t −2γytyt−1−2cyt−1 +2cγyt

= (1− γ
2)(yt −µ)2 +(yt−1− c− γyt)

2 (a.2.8.8)

Substitute back in (a.2.8.6):

π(yt) =
∫

exp
(
− 1

2s

[
(1− γ

2)(yt −µ)2 +(yt−1− c− γyt)
2]) dyt−1 (a.2.8.9)

and this eventually reformulates as:

π(yt) = exp
(
−1

2
(yt −µ)2

σ

)∫
exp
(
−1

2
(yt−1− c− γyt)

2

s

)
dyt−1 (a.2.8.10)
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PART III

Econometrics
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CHAPTER 9

The linear regression model

derivations for equation (3.9.7)

Consider first β . To do so, rewrite the likelihood function as:

log( f (y|β ,σ)) =−n
2

log(2π)− n
2

log(σ)− 1
2σ

(y′y+β
′X ′Xβ −2β

′X ′y) (a.3.9.1)

Then solve for the partial derivative:

∂ log( f (y|β ,σ))

∂β
= 0

⇔ − 1
2σ

(2X ′Xβ −2X ′y) = 0

⇔ 2X ′Xβ −2X ′y = 0

⇔ X ′Xβ −X ′y = 0

⇔ β = (X ′X)−1X ′y

(a.3.9.2)

Hence the estimate is β̂ = (X ′X)−1X ′y. Consider now σ . Solve for the partial derivative:

∂ log( f (y|β ,σ))

∂σ
= 0

⇔ − n
2

1
σ
+

1
2
(y−Xβ )′(y−Xβ )

σ2 = 0

⇔ −n+
(y−Xβ )′(y−Xβ )

σ
= 0

⇔ (y−Xβ )′(y−Xβ )

σ
= n

⇔ σ =
(y−Xβ )′(y−Xβ )

n
(a.3.9.3)

This expression gives the optimum for any value of β . To obtain a global maximum we must choose
the value of β that maximizes the likelihood, namely β̂ . Therefore, the estimate for σ is given by
σ̂ = (y−X β̂ )′(y−X β̂ )/n.

derivations for equation (3.9.12)

Develop and group:

exp
(
−1

2
(y−Xβ )′(y−Xβ )

σ

)
× exp

(
−1

2
(β −b)′V−1(β −b)

)
= exp

(
−1

2
[
(y−Xβ )′σ−1(y−Xβ )+(β −b)′V−1(β −b)

])
(a.3.9.4)

Consider the term in square brackets:
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(y−Xβ )′σ−1(y−Xβ )+(β −b)′V−1(β −b)

= y′σ−1y+β
′X ′σ−1Xβ −2β

′X ′σ−1y+β
′V−1

β +b′V−1b−2β
′V−1b

= β
′(V−1 +σ

−1X ′X)β −2β
′(V−1b+σ

−1X ′y)+b′V−1b+ y′σ−1y (a.3.9.5)

Substitute back in (a.3.9.4):

= exp
(
−1

2
[
β
′(V−1 +σ

−1X ′X)β −2β
′(V−1b+σ

−1X ′y)+b′V−1b+ y′σ−1y
])

(a.3.9.6)

derivations for equation (3.9.23)

Group and rearrange:

π(β ,σ |y)

∝ σ
−n/2 exp

(
−1

2
(y−Xβ )′(y−Xβ )

σ

)
×|σV |−1/2 exp

(
−1

2
(β −b)′(σV )−1(β −b)

)
× σ

−α/2−1 exp
(
− δ

2σ

)
= σ

−k/2 exp
(
− 1

2σ

[
(y−Xβ )′(y−Xβ )+(β −b)′V−1(β −b)

])
σ
−(α+n)/2−1 exp

(
− δ

2σ

)
(a.3.9.7)

Define:

ᾱ = α +n (a.3.9.8)

Then:

= σ
−k/2 exp

(
− 1

2σ

[
(y−Xβ )′(y−Xβ )+(β −b)′V−1(β −b)

])
σ
−ᾱ/2−1 exp

(
− δ

2σ

)
(a.3.9.9)

Consider the term between the square brackets:

(y−Xβ )′(y−Xβ )+(β −b)′V−1(β −b)

= y′y+β
′X ′Xβ −2β

′X ′y+β
′V−1

β +b′V−1b−2β
′V−1b

= β
′(V−1 +X ′X)β −2β

′(V−1b+X ′y)+ y′y+b′V−1b

= β
′(V−1 +X ′X)β −2β

′V̄−1V̄ (V−1b+X ′y)+ y′y+b′V−1b+ b̄′V̄−1b̄− b̄′V̄−1b̄ (a.3.9.10)

Define:

V̄ = (V−1 +X ′X)−1 b̄ = V̄ (V−1b+X ′y) (a.3.9.11)

Then (a.3.9.10) becomes:

= β
′V̄−1

β −2β
′V̄−1b̄+ y′y+b′V−1b+ b̄′V̄−1b̄− b̄′V̄−1b̄

= (β ′V̄−1
β −2β

′V̄ b̄+ b̄′V̄−1b̄)+ y′y+b′V−1b− b̄′V̄−1b̄

= (β − b̄)′V̄−1(β − b̄)+ y′y+b′V−1b− b̄′V̄−1b̄ (a.3.9.12)

Substitute back in (a.3.9.9):

= σ
−k/2 exp

(
−1

2
(β − b̄)′(σV̄ )−1(β − b̄)

)
σ
−ᾱ/2−1 exp

(
−δ + y′y+b′V−1b− b̄′V̄−1b̄

2σ

)
(a.3.9.13)
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Define:

δ̄ = δ + y′y+b′V−1b− b̄′V̄−1b̄ (a.3.9.14)

Then (a.3.9.13) eventually rewrites:

π(β ,σ |y) ∝ σ
−k/2 exp

(
−1

2
(β − b̄)′(σV̄ )−1(β − b̄)

)
σ
−ᾱ/2−1 exp

(
− δ̄

2σ

)
(a.3.9.15)

derivations for equation (3.9.28)

Rearrange:

Γ

(
ᾱ + k

2

)(
δ̄ +(β − b̄)′V̄−1(β − b̄)

2

)− ᾱ+k
2

∝

(
δ̄ +(β − b̄)′V̄−1(β − b̄)

2

)− ᾱ+k
2

∝
(
δ̄ +(β − b̄)′V̄−1(β − b̄)

)− ᾱ+k
2

∝
(
1+(β − b̄)′(δ̄V̄ )−1(β − b̄)

)− ᾱ+k
2

∝

(
1+

1
ᾱ
(β − b̄)′(δ̄V̄/ᾱ)−1(β − b̄)

)− ᾱ+k
2

(a.3.9.16)

derivations for equation (3.9.38)

Rearrange the likelihood function:

f (y|β ,σ)

= (2π)−n/2 |σW |−1/2 exp
(
−1

2
(y−Xβ )′(σW )−1(y−Xβ )

)
= (2πσ)−n/2 |W |−1/2 exp

(
−1

2
(y−Xβ )′W−1(y−Xβ )

σ

)
(a.3.9.17)

This reformulates further as:

= (2πσ)−n/2

(
n

∏
i=1

w−1/2
i

)
exp
(
−1

2
(y−Xβ )′ diag(exp(−Zγ)) (y−Xβ )

σ

)

= (2πσ)−n/2

(
n

∏
i=1

exp(z′iγ)

)−1/2

exp
(
−1

2
(y−Xβ )′ diag(exp(−Zγ)) (y−Xβ )

σ

)

= (2πσ)−n/2

(
exp

(
n

∑
i=1

z′iγ

))−1/2

exp
(
−1

2
(y−Xβ )′ diag(exp(−Zγ)) (y−Xβ )

σ

)
= (2πσ)−n/2 (exp

(
1′nZγ

))−1/2 exp
(
−1

2
(y−Xβ )′ diag(exp(−Zγ)) (y−Xβ )

σ

)
= (2πσ)−n/2 exp

(
−1

2
1′nZγ

)
exp
(
−1

2
(y−Xβ )′ diag(exp(−Zγ)) (y−Xβ )

σ

)
= (2πσ)−n/2 exp

(
−1

2
[
1′nZγ +(y−Xβ )′ diag(exp(−Zγ)) (y−Xβ )/σ

])
(a.3.9.18)
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derivations for equation (3.9.44)

Rearrange the terms:

π(β |y,σ ,w)

= exp
(
−1

2
(y−Xβ )′W−1(y−Xβ )

σ

)
× exp

(
−1

2
(β −b)′V−1(β −b)

)
= exp

(
−1

2
[
(y−Xβ )′(σW )−1(y−Xβ )+(β −b)′V−1(β −b)

)]
(a.3.9.19)

Consider the term in square brackets and complete the squares:

(y−Xβ )′(σW )−1(y−Xβ )+(β −b)′V−1(β −b)

= y′(σW )−1y+β
′X ′(σW )−1Xβ −2β

′X ′(σW )−1y+β
′V−1

β +b′V−1b−2β
′V−1b

= β
′(V−1 +σ

−1X ′W−1X)β −2β
′(V−1b+σ

−1X ′W−1y)+ y′(σW )−1y+b′V−1b

= β
′(V−1 +σ

−1X ′W−1X)β −2β
′V̄−1V̄ (V−1b+σ

−1X ′W−1y)

+ y′(σW )−1y+b′V−1b+ b̄′V̄−1b̄− b̄′V̄−1b̄ (a.3.9.20)

Define:

V̄ = (V−1 +σ
−1X ′W−1X)−1 b̄ = V̄ (V−1b+σ

−1X ′W−1y) (a.3.9.21)

Then (a.3.9.20) rewrites:

= β
′V̄−1

β −2β
′V̄−1b̄+ b̄′V̄−1b̄+ y′(σW )−1y+b′V−1b− b̄′V̄−1b̄

= (β − b̄)′V̄−1(β − b̄)+ y′(σW )−1y+b′V−1b− b̄′V̄−1b̄ (a.3.9.22)

Substitute back in (a.3.9.19):

π(β |y,σ ,w)

= exp
(
−1

2
[
(β − b̄)′V̄−1(β − b̄)+ y′(σW )−1y+b′V−1b− b̄′V̄−1b̄

])
= exp

(
−1

2
(β − b̄)′V̄−1(β − b̄)

)
exp
(
−1

2
[
y′(σW )−1y+b′V−1b− b̄′V̄−1b̄

])
∝ exp

(
−1

2
(β − b̄)′V̄−1(β − b̄)

)
(a.3.9.23)

derivations for equation (3.9.69)

Rearrange the terms:

π(φ |y,β ,σ)

∝ exp
(
−1

2
(ε−Eφ)′(ε−Eφ)

σ

)
× exp

(
−1

2
(φ − p)′H−1(φ − p)

)
= exp

(
−1

2
[
(ε−Eφ)′σ−1(ε−Eφ)+(φ − p)′H−1(φ − p)

])
(a.3.9.24)
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Consider the term in square brackets and complete the squares:

(ε−Eφ)′σ−1(ε−Eφ)+(φ − p)′H−1(φ − p)

= ε
′
σ
−1

ε +φ
′E ′σ−1Eφ −2φ

′E ′σ−1
ε +φ

′H−1
φ + p′H−1 p−2φ

′H−1 p

= φ
′(H−1 +σ

−1E ′E)φ −2φ
′(H−1 p+σ

−1E ′ε)+ ε
′
σ
−1

ε + p′H−1 p

= φ
′(H−1 +σ

−1E ′E)φ −2φ
′H̄−1H̄(H−1 p+σ

−1E ′ε)+ ε
′
σ
−1

ε + p′H−1 p+ p̄′H̄−1 p̄− p̄′H̄−1 p̄
(a.3.9.25)

Define:

H̄ = (H−1 +σ
−1E ′E)−1 p̄ = H̄(H−1 p+σ

−1E ′ε) (a.3.9.26)

Then (a.3.9.25) becomes:

= φ
′H̄−1

φ −2φ
′H̄−1 p̄+ p̄′H̄−1 p̄+ ε

′
σ
−1

ε + p′H−1 p− p̄′H̄−1 p̄

= (φ − p̄)′H̄−1(φ − p̄)+ ε
′
σ
−1

ε + p′H−1 p− p̄′H̄−1 p̄ (a.3.9.27)

Substitute back in (a.3.9.24) to obtain:

π(φ |y,β ,σ)

= exp
(
−1

2
[
(φ − p̄)′H̄−1(φ − p̄)+ ε

′
σ
−1

ε + p′H−1 p− p̄′H̄−1 p̄
])

= exp
(
−1

2
(φ − p̄)′H̄−1(φ − p̄)

)
exp
(
−1

2
[
ε
′
σ
−1

ε + p′H−1 p− p̄′H̄−1 p̄
])

∝ exp
(
−1

2
(φ − p̄)′H̄−1(φ − p̄)

)
(a.3.9.28)
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CHAPTER 10

Applications with the linear regression
model

derivations for equation (3.10.4)

Rearrange the expression:

f (ŷ|y)

∝

∫
exp
(
−1

2
(ŷ− X̂β )′(ŷ− X̂β )

σ

)
exp
(
−1

2
(β − b̄)′V̄−1(β − b̄)

)
dβ

=
∫

exp
(
−1

2
[
σ
−1(ŷ− X̂β )′(ŷ− X̂β )+(β − b̄)′V̄−1(β − b̄)

])
dβ (a.3.10.1)

Consider the term in square brackets:

σ
−1(ŷ− X̂β )′(ŷ− X̂β )+(β − b̄)′V̄−1(β − b̄)

= σ
−1ŷ′ŷ+σ

−1
β
′X̂ ′X̂β −2σ

−1
β
′X̂ ′ŷ+β

′V̄−1
β + b̄′V̄−1b̄−2β

′V̄−1b̄

= β
′(V̄−1 +σ

−1X̂ ′X̂)β −2β
′(V̄−1b̄+σ

−1X̂ ′ŷ)+σ
−1ŷ′ŷ+ b̄′V̄−1b̄

= β
′(V̄−1 +σ

−1X̂ ′X̂)β −2β
′V̂−1V̂ (V̄−1b̄+σ

−1X̂ ′ŷ)+σ
−1ŷ′ŷ+ b̄′V̄−1b̄+ b̂′V̂−1b̂− b̂′V̂−1b̂ (a.3.10.2)

Define:

V̂ = (V̄−1 +σ
−1X̂ ′X̂)−1 b̂ = V̂ (V̄−1b̄+σ

−1X̂ ′ŷ) (a.3.10.3)

Then (a.3.10.2) becomes:

= β
′V̂−1

β −2β
′V̂−1b̂+ b̂′V̂−1b̂+σ

−1ŷ′ŷ+ b̄′V̄−1b̄− b̂′V̂−1b̂

= (β − b̂)′V̂−1(β − b̂)+σ
−1ŷ′ŷ+ b̄′V̄−1b̄− b̂′V̂−1b̂ (a.3.10.4)

Substituting back in (a.3.10.1):

f (ŷ|y)

∝

∫
exp
(
−1

2
[
(β − b̂)′V̂−1(β − b̂)+σ

−1ŷ′ŷ+ b̄′V̄−1b̄− b̂′V̂−1b̂
])

dβ

=
∫

exp
(
−1

2
(β − b̂)′V̂−1(β − b̂)

)
exp
(
−1

2
[
σ
−1ŷ′ŷ+ b̄′V̄−1b̄− b̂′V̂−1b̂

])
dβ

= exp
(
−1

2
[
σ
−1ŷ′ŷ+ b̄′V̄−1b̄− b̂′V̂−1b̂

]) ∫
exp
(
−1

2
(β − b̂)′V̂−1(β − b̂)

)
dβ

∝ exp
(
−1

2
[
σ
−1ŷ′ŷ+ b̄′V̄−1b̄− b̂′V̂−1b̂

])
(a.3.10.5)
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Consider the term in square brackets:

σ
−1ŷ′ŷ+ b̄′V̄−1b̄− b̂′V̂−1b̂

= σ
−1ŷ′ŷ+ b̄′V̄−1b̄− (V̄−1b̄+σ

−1X̂ ′ŷ)′V̂V̂−1V̂ (V̄−1b̄+σ
−1X̂ ′ŷ)

= σ
−1ŷ′ŷ+ b̄′V̄−1b̄− (V̄−1b̄+σ

−1X̂ ′ŷ)′V̂ (V̄−1b̄+σ
−1X̂ ′ŷ)

= σ
−1ŷ′ŷ+ b̄′V̄−1b̄− b̄′V̄−1V̂V̄−1b̄−σ

−2ŷ′X̂V̂ X̂ ′ŷ−2σ
−1ŷ′X̂V̂V̄−1b̄

= ŷ′(σ−1Im−σ
−2X̂V̂ X̂ ′)ŷ− b̄′(V̄−1−V̄−1V̂V̄−1)b̄−2σ

−1ŷ′X̂V̂V̄−1b̄ (a.3.10.6)

In what follows, we make use of property m.13 (the Sherman-Woodbury-Morrison identity):
(A+BDC)−1 = A−1−A−1B(D−1 +CA−1B)−1CA−1.

Consider the central part of the second term in (a.3.10.6). Rearrange and use the identity twice to obtain:

V̄−1−V̄−1V̂V̄−1

= V̄−1−V̄−1(V̄−1 +σ
−1X̂ ′X̂)−1V̄−1

= (V̄ +σ(X̂ ′X̂)−1)−1

= σ
−1X̂ ′X̂−σ

−1X̂ ′X̂(σ−1X̂ ′X̂ +V̄−1)−1
σ
−1X̂ ′X̂

= σ
−1X̂ ′X̂−σ

−2X̂ ′X̂V̂ X̂ ′X̂

= X̂ ′(σ−1Im−σ
−2X̂V̂ X̂ ′)X̂ (a.3.10.7)

Consider finally the contral part of the third term in (a.3.10.6). We note that V̂ (V̄−1 +σ−1X̂ ′X̂) = Im so
V̂V̄−1 = Im−V̂ σ−1X̂ ′X̂ . Following:

X̂V̂V̄−1 = X̂− X̂V̂ σ
−1X̂ ′X̂ = (Im−σ

−1X̂V̂ X̂ ′)X̂ (a.3.10.8)

Substitute (a.3.10.7) and (a.3.10.8) back in (a.3.10.6) to obtain:

= ŷ′(σ−1Im−σ
−2X̂V̂ X̂ ′)ŷ− b̄′X̂ ′(σ−1Im−σ

−2X̂V̂ X̂ ′)X̂ b̄−2σ
−1ŷ′(Im−σ

−1X̂V̂ X̂ ′)X̂ b̄

= σ
−1ŷ′(Im−σ

−1X̂V̂ X̂ ′)ŷ−σ
−1b̄′X̂ ′(Im−σ

−1X̂V̂ X̂ ′)X̂ b̄−2σ
−1ŷ′(Im−σ

−1X̂V̂ X̂ ′)X̂ b̄

= σ
−1 [ŷ′(Im−σ

−1X̂V̂ X̂ ′)ŷ− b̄′X̂ ′(Im−σ
−1X̂V̂ X̂ ′)X̂ b̄−2ŷ′(Im−σ

−1X̂V̂ X̂ ′)X̂ b̄
]

= σ
−1(ŷ− X̂ b̄)′(Im−σ

−1X̂V̂ X̂ ′)(ŷ− X̂ b̄) (a.3.10.9)

We use one last time the Sherman-Woodbury-Morrison identity on the central term to obtain:

Im−σ
−1X̂V̂ X̂ ′ = Im−σ

−1X̂(V̄−1 +σ
−1X̂ ′X̂)−1X̂ ′ = (Im +σ

−1X̂V̄ X̂ ′)−1 (a.3.10.10)

Substituting back in (a.3.10.9):

= σ
−1(ŷ− X̂ b̄)′(Im +σ

−1X̂V̄ X̂ ′)−1(ŷ− X̂ b̄)

= (ŷ− X̂ b̄)′(σ Im + X̂V̄ X̂ ′)−1(ŷ− X̂ b̄) (a.3.10.11)

Eventually substituting back in (a.3.10.5), we conclude:

f (ŷ|y) ∝ exp
(
−1

2
(ŷ− X̂ b̄)′(σ Im + X̂V̄ X̂ ′)−1(ŷ− X̂ b̄)

)
(a.3.10.12)
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derivations for equation (3.10.6)

Rearrange the expression:

f (ŷ|y)

∝

∫ ∫
σ
−m/2 exp

(
−1

2
(ŷ− X̂β )′(ŷ− X̂β )

σ

)
exp
(
−1

2
(y−Xβ )′(y−Xβ )

σ

)
× σ

−k/2 exp
(
−1

2
(β −b)′(σV )−1(β −b)

)
×σ

−α/2−1 exp
(
− δ

2σ

)
=
∫ ∫

σ
−k/2 exp

(
− 1

2σ

[
(ŷ− X̂β )′(ŷ− X̂β )+(y−Xβ )′(y−Xβ )+(β −b)′(σV )−1(β −b)+δ

])
× σ

−(α+n+m)/2−1dβdσ (a.3.10.13)

Consider the term in the square bracket:

(ŷ− X̂β )′(ŷ− X̂β )+(y−Xβ )′(y−Xβ )+(β −b)′(σV )−1(β −b)+δ

= ŷ′ŷ+β
′X̂ ′X̂β −2β

′X̂ ′ŷ+ y′y+β
′X ′Xβ −2β

′X ′y+β
′V−1

β +b′V−1b−2β
′V−1b+δ

= (δ + ŷ′ŷ+ y′y+b′V−1b)+β
′(V−1 +X ′X + X̂ ′X̂)β −2β

′(V−1b+X ′y+ X̂ ′ŷ)

= (δ + ŷ′ŷ+ y′y+b′V−1b)+β
′(V−1 +X ′X + X̂ ′X̂)β −2β

′V̂−1V̂ (V−1b+X ′y+ X̂ ′ŷ)+ b̂′V̂−1b̂− b̂′V̂−1b̂

= (δ + ŷ′ŷ+ y′y+b′V−1b− b̂′V̂−1b̂)+β
′(V−1 +X ′X + X̂ ′X̂)β −2β

′V̂−1V̂ (V−1b+X ′y+ X̂ ′ŷ)+ b̂′V̂−1b̂
(a.3.10.14)

Define:

δ̂ = δ + ŷ′ŷ+ y′y+b′V−1b− b̂′V̂−1b̂ V̂ = (V−1 +X ′X + X̂ ′X̂)−1 b̂ = V̂ (V−1b+X ′y+ X̂ ′ŷ)

(a.3.10.15)

Then (a.3.10.14) rewrites:

= δ̂ +β
′V̂−1

β −2β
′V̂−1b̂+ b̂′V̂−1b̂

= δ̂ +(β − b̂)′V̂−1(β − b̂) (a.3.10.16)

Substitute back in (a.3.10.13):

f (ŷ|y)

∝

∫ ∫
σ
−k/2 exp

(
− 1

2σ

[
δ̂ +(β − b̂)′V̂−1(β − b̂)

])
σ
−(α+n+m)/2−1dβdσ

=
∫ ∫

σ
−k/2 exp

(
− 1

2σ
(β − b̂)′V̂−1(β − b̂)

)
dβ σ

−(α+n+m)/2−1 exp

(
− δ̂

2σ

)
dσ

=
∫ ∫

σ
−k/2 exp

(
− 1

2σ
(β − b̂)′V̂−1(β − b̂)

)
dβ σ

−(ᾱ+m)/2−1 exp

(
− δ̂

2σ

)
dσ (a.3.10.17)

with:

α̂ = α +n+m (a.3.10.18)

The first term is the kernel of a multivariate normal distribution; integration hence yields a constant:

=
∫

σ
−α̂/2−1 exp

(
− δ̂

2σ

)
dσ (a.3.10.19)
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The remaining term is the krenel of an inverse gamma distribution; integration thus yields the reciprocal
of the normalization constant:

= Γ(α̂/2)(δ̂/2)−α̂/2

∝ (δ̂/2)−α̂/2

∝ δ̂
−α̂/2

= (δ + ŷ′ŷ+ y′y+b′V−1b− b̂′V̂−1b̂)−α̂/2

= (δ + ŷ′ŷ+ y′y+b′V−1b− (V−1b+X ′y+ X̂ ′ŷ)′V̂ ′V̂−1V̂ (V−1b+X ′y+ X̂ ′ŷ))−α̂/2

= (δ + ŷ′ŷ+ y′y+b′V−1b− (V−1b+X ′y+ X̂ ′ŷ)′V̂ (V−1b+X ′y+ X̂ ′ŷ))−α̂/2 (a.3.10.20)

Define:

b̃ =V−1b+X ′y (a.3.10.21)

Then (a.3.10.20) rewrites:

= (δ + ŷ′ŷ+ y′y+b′V−1b− (b̃+ X̂ ′ŷ)′V̂ (b̃+ X̂ ′ŷ))−α̂/2

= (δ + ŷ′ŷ+ y′y+b′V−1b− b̃′V̂ b̃− ŷ′X̂V̂ X̂ ′ŷ−2ŷ′X̂V̂ b̃)−α̂/2

= (δ + y′y+b′V−1b+ ŷ′(Im− X̂V̂ X̂ ′)ŷ− b̃′V̂ b̃−2ŷ′X̂V̂ b̃)−α̂/2

= ([δ + y′y+b′V−1b− b̃′V̂ b̃− ÿ′V̈−1ÿ]+ ŷ′(Im− X̂V̂ X̂ ′)ŷ−2ŷ′V̈−1V̈ X̂V̂ b̃+ ÿ′V̈−1ÿ)−α̂/2 (a.3.10.22)

Define:

δ̈ = δ + y′y+b′V−1b− b̃′V̂ b̃− ÿ′V̈−1ÿ V̈ = (Im− X̂V̂ X̂ ′)−1 ÿ = V̈ X̂V̂ b̃ (a.3.10.23)

Then (a.3.10.22) rewrites:

= (δ̈ + ŷ′V̈−1ŷ−2ŷ′V̈−1ÿ+ ÿ′V̈−1ÿ)−α̂/2

= (δ̈ +(ŷ− ÿ)′V̈−1(ŷ− ÿ))−α̂/2

= δ̈
−α̂/2(1+(ŷ− ÿ)′[δ̈V̈ ]−1(ŷ− ÿ))−α̂/2

∝ (1+(ŷ− ÿ)′[δ̈V̈ ]−1(ŷ− ÿ))−α̂/2

=

(
1+

1
ᾱ
(ŷ− ÿ)′[δ̈V̈/ᾱ]−1(ŷ− ÿ)

)−(ᾱ+m)/2

(a.3.10.24)

Thus we finally conclude:

f (ŷ|y) ∝

(
1+

1
ᾱ
(ŷ− ÿ)′[δ̈V̈/ᾱ]−1(ŷ− ÿ)

)−(ᾱ+m)/2

(a.3.10.25)

Finally, reformulate the messy terms. First, reformulate V̈ . For this, we make again use of property m.13
(the Sherman-Woodbury-Morrison identity): (A+BDC)−1 = A−1−A−1B(D−1 +CA−1B)−1CA−1.

Then, starting from (a.3.10.23):

V̈

= (Im− X̂V̂ X̂ ′)−1

= (Im− X̂(V−1 +X ′X + X̂ ′X̂)−1X̂ ′)−1

= Im + X̂(V−1 +X ′X)−1X̂ ′

= Im + X̂V̄ X̂ ′ (a.3.10.26)
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Now consider the term ÿ. Start from:

V̈ X̂V̂

= (Im + X̂V̄ X̂ ′)X̂V̂

= X̂V̂ + X̂V̄ X̂ ′X̂V̂

= X̂(V̂ +V̄ X̂ ′X̂V̂ )

= X̂(Im +V̄ X̂ ′X̂)V̂ (a.3.10.27)

We then note that (a.3.10.15) implies:

V̂ = (V−1 +X ′X + X̂ ′X̂)−1⇔ V̂ = (V̄−1 + X̂ ′X̂)−1 (a.3.10.28)

Hence:

= X̂(Im +V̄ X̂ ′X̂)(V̄−1 + X̂ ′X̂)−1

= X̂V̄ (V̄−1 + X̂ ′X̂)(V̄−1 + X̂ ′X̂)−1

= X̂V̄ (a.3.10.29)

Using this result in (a.3.10.23), and combining with definition (a.3.10.21), we obtain:

ÿ = V̈ X̂V̂ b̃ = X̂V̄ b̃ = X̂ b̄ (a.3.10.30)

Finally, reformulate δ̈ . First, note that:

b̃′V̂ b̃+ ÿ′V̈−1ÿ

= b̄′V̄−1V̂V̄−1b̄+ b̄′X̂ ′(Im− X̂V̂ X̂ ′)X̂ b̄

= b̄′[(V̂−1− X̂ ′X̂)′V̂ (V̂−1− X̂ ′X̂)+ X̂ ′X̂− X̂ ′X̂V̂ X̂ ′X̂ ]b̄

= b̄′[(V̂−1− X̂ ′X̂)′(Ik−V̂ X̂ ′X̂)+ X̂ ′X̂− X̂ ′X̂V̂ X̂ ′X̂ ]b̄

= b̄′[V̂−1− X̂ ′X̂− X̂ ′X̂ + X̂ ′X̂V̂ X̂ ′X̂ + X̂ ′X̂− X̂ ′X̂V̂ X̂ ′X̂ ]b̄

= b̄′[V̂−1− X̂ ′X̂ ]b̄

= b̄′[V̄−1 + X̂ ′X̂− X̂ ′X̂ ]b̄

= b̄′V̄−1b̄ (a.3.10.31)

Substituting this in (a.3.10.23) to obtain:

δ̈ = δ + y′y+b′V−1b− b̃′V̂ b̃− ÿ′V̈−1ÿ = δ + y′y+b′V−1b− b̄′V̄−1b̄ = δ̄ (a.3.10.32)

Eventually substituting for (a.3.10.26), (a.3.10.30) and (a.3.10.32) in (a.3.10.25) yields:

f (ŷ|y) ∝

(
1+

1
ᾱ
(ŷ− X̂ b̄)′[δ̄ (Im + X̂V̄ X̂ ′)/ᾱ]−1(ŷ− X̂ b̄)

)−(ᾱ+m)/2

(a.3.10.33)
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derivations for equation (3.10.10)

The log likelihood function is given by:

log( f (y|β ,σ)) =−n
2

log(2π)− n
2

log(σ)− 1
2
(y−Xβ )′(y−Xβ )

σ
(a.3.10.34)

The function is estimated at the maximum likelihood values. Hence β = β̂ and σ = σ̂ = ε̂ ′ε̂
n .

Substituting in (a.3.10.34):

log( f (y|β̂ , σ̂))

= − n
2

log(2π)− n
2

log(σ̂)− 1
2
(y−X β̂ )′(y−X β̂ )

σ̂

= − n
2

log(2π)− n
2

log
(

ε̂ ′ε̂

n

)
− 1

2
n ε̂ ′ε̂

ε̂ ′ε̂

= − n
2

log(2π)− n
2

log(ε̂ ′ε̂/n)− n
2

= − n
2
[
log(2π)+ log(ε̂ ′ε̂/n)+1

]
(a.3.10.35)

Noting then that |θ |= k+1 (corresponding to k coefficients for β and one for σ ), AIC obtains as:

AIC = 2|θ |/n−2 L̂/n

= 2(k+1)/n−2
(
−n

2
[
log(2π)+ log(ε̂ ′ε̂/n)+1

])
/n

= 2 (k+1)/n + log(2π) + log(ε̂ ′ε̂/n)+1 (a.3.10.36)

Using similar calculations, BIC immediately obtains as:

BIC = (k+1) log(n)/n + log(2π) + log(ε̂ ′ε̂/n)+1 (a.3.10.37)
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derivations for equation (3.10.19)

Rearrange:

f (y)

=
∫
(2πσ)−n/2 exp

(
−1

2
(y−Xβ )′(y−Xβ )

σ

)
× (2π)−k/2|V |−1/2 exp

(
−1

2
(β −b)′V−1(β −b)

)
dβ

=
∫
(2π)−(n+k)/2

σ
−n/2 |V |−1/2× exp

(
−1

2
[
(y−Xβ )′σ−1(y−Xβ )+(β −b)′V−1(β −b)

])
dβ

(a.3.10.38)

Consider the term square brackets:

(y−Xβ )′σ−1(y−Xβ )+(β −b)′V−1(β −b)

= y′σ−1y+β
′X ′σ−1Xβ −2β

′X ′σ−1y+β
′V−1

β +b′V−1b−2β
′V−1b

= β
′(V−1 +σ

−1X ′X)β −2β
′(V−1b+σ

−1X ′y)+ y′σ−1y+b′V−1b

= β
′(V−1 +σ

−1X ′X)β −2β
′V̄−1V̄ (V−1b+σ

−1X ′y)+ b̄V̄−1b̄+ y′σ−1y+b′V−1b− b̄V̄−1b̄ (a.3.10.39)

Define:

V̄ = (V−1 +σ
−1X ′X)−1 b̄ = V̄ (V−1b+σ

−1X ′y) (a.3.10.40)

Then (a.3.10.39) reformulates:

= β
′V̄−1

β −2β
′V̄−1b̄+ b̄V̄−1b̄+ y′σ−1y+b′V−1b− b̄V̄−1b̄

= (β − b̄)′V̄−1(β − b̄)+ y′σ−1y+b′V−1b− b̄V̄−1b̄ (a.3.10.41)

Substitute back in (a.3.10.38):

f (y)

=
∫
(2π)−(n+k)/2

σ
−n/2 |V |−1/2× exp

(
−1

2
[
(β − b̄)′V̄−1(β − b̄)+ y′σ−1y+b′V−1b− b̄V̄−1b̄

])
dβ

= (2π)−(n+k)/2
σ
−n/2 |V |−1/2(2π)k/2|V̄ |1/2× exp

(
−1

2
[
y′σ−1y+b′V−1b− b̄V̄−1b̄

])
×
∫
(2π)−k/2|V̄ |−1/2 exp

(
−1

2
(β − b̄)′V̄−1(β − b̄)

)
dβ

= (2π)−n/2
σ
−n/2|V̄ |1/2|V |−1/2× exp

(
−1

2
[
y′σ−1y+b′V−1b− b̄V̄−1b̄

])
×
∫
(2π)−k/2|V̄ |−1/2 exp

(
−1

2
(β − b̄)′V̄−1(β − b̄)

)
dβ (a.3.10.42)
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derivations for equation (3.10.21)

Consider the term:

(2π)−n/2
σ
−n/2|V̄ |1/2|V |−1/2

= (2π)−n/2
σ
−n/2|(V−1 +σ

−1X ′X)−1|1/2|V |−1/2

= (2π)−n/2
σ
−n/2|V−1 +σ

−1X ′X |−1/2|V |−1/2

= (2π)−n/2
σ
−n/2(|V ||V−1 +σ

−1X ′X |)−1/2

= (2π)−n/2
σ
−n/2|Ik +σ

−1V X ′X |−1/2 (a.3.10.43)

Hence:

f (y) = (2π)−n/2
σ
−n/2|Ik +σ

−1V X ′X |−1/2 exp
(
−1

2
[
y′σ−1y+b′V−1b− b̄V̄−1b̄

])
(a.3.10.44)

derivations for equation (3.10.23)

Rearrange the expression:

f (y)

=
∫ ∫

(2πσ)−n/2 exp
(
−1

2
(y−Xβ )′(y−Xβ )

σ

)
× (2π)−k/2|σV |−1/2 exp

(
−1

2
(β −b)′(σV )−1(β −b)

)
× δ/2α/2

Γ(α/2)
σ
−α/2−1 exp

(
− δ

2σ

)
dβdσ

=
∫ ∫

(2πσ)−n/2 (2π)−k/2|σV |−1/2 δ/2α/2

Γ(α/2)
σ
−α/2−1

× exp
(
− 1

2σ

[
(y−Xβ )′(y−Xβ )+(β −b)′V−1(β −b)+δ

])
dβdσ (a.3.10.45)

Consider the term in square brackets and complete the squares:

(y−Xβ )′(y−Xβ )+(β −b)′V−1(β −b)+δ

= y′y+β
′X ′Xβ −2β

′X ′y+β
′V−1

β +b′V−1b−2β
′V−1b+δ

= β
′(V−1 +X ′X)β −2β

′(V−1b+X ′y)+δ + y′y+b′V−1b

= β
′(V−1 +X ′X)β −2β

′V̄−1V̄ (V−1b+X ′y)+δ + y′y+b′V−1b+ b̄′V̄−1b̄− b̄′V̄−1b̄ (a.3.10.46)

Define:

V̄ = (V−1 +X ′X)−1 b̄ = V̄ (V−1b+X ′y) δ̄ = δ + y′y+b′V−1b− b̄′V̄−1b̄ (a.3.10.47)

Then (a.3.10.46) rewrites:

= β
′V̄−1

β −2β
′V̄−1b̄+ b̄′V̄−1b̄+ δ̄

= (β − b̄)′V̄−1(β − b̄)+ δ̄ (a.3.10.48)
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Substituting back in (a.3.10.45):

f (y)

=
∫ ∫

(2πσ)−n/2 (2π)−k/2|σV |−1/2 δ/2α/2

Γ(α/2)
σ
−α/2−1

× exp
(
− 1

2σ

[
(β − b̄)′V̄−1(β − b̄)+ δ̄

])
dβdσ

=
∫ ∫

(2π)−n/2 (2π)−k/2|σV |−1/2 δ/2α/2

Γ(α/2)

× σ
−(α+n)/2−1 exp

(
− 1

2σ

[
(β − b̄)′V̄−1(β − b̄)+ δ̄

])
dβdσ (a.3.10.49)

define:

ᾱ = α +n (a.3.10.50)

Then (a.3.10.49) rewrites:

=
∫ ∫

(2π)−n/2 (2π)−k/2|σV |−1/2 δ/2α/2

Γ(α/2)

× σ
−ᾱ/2−1 exp

(
− 1

2σ

[
(β − b̄)′V̄−1(β − b̄)+ δ̄

])
dβdσ

= (2π)−n/2 |σV |−1/2|σV̄ |1/2 δ/2α/2

Γ(α/2)
Γ(ᾱ/2)
δ̄/2ᾱ/2

×
∫ ∫

(2π)−k/2|σV̄ |−1/2 exp
(
−1

2
(β − b̄)′(σV̄ )−1(β − b̄)

)
× δ̄/2ᾱ/2

Γ(ᾱ/2)
σ
−ᾱ/2−1 exp

(
− δ̄

2σ

)
dβdσ

= 2−n/2
π
−n/2 |V |−1/2|V̄ |1/2 δ α/2

δ̄ ᾱ/2

2(α+n)/2

2α/2

Γ(ᾱ/2)
Γ(α/2)

×
∫ ∫

(2π)−k/2|σV̄ |−1/2 exp
(
−1

2
(β − b̄)′(σV̄ )−1(β − b̄)

)
× δ̄/2ᾱ/2

Γ(ᾱ/2)
σ
−ᾱ/2−1 exp

(
− δ̄

2σ

)
dβdσ

= π
−n/2 |V |−1/2|V̄ |1/2 δ α/2

δ̄ ᾱ/2

Γ(ᾱ/2)
Γ(α/2)

×
∫ ∫

(2π)−k/2|σV̄ |−1/2 exp
(
−1

2
(β − b̄)′(σV̄ )−1(β − b̄)

)
× δ̄/2ᾱ/2

Γ(ᾱ/2)
σ
−ᾱ/2−1 exp

(
− δ̄

2σ

)
dβdσ

(a.3.10.51)
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derivations for equation (3.10.25)

Reformulate the expression:

π
−n/2 |V |−1/2|V̄ |1/2 δ α/2

δ̄ ᾱ/2

Γ(ᾱ/2)
Γ(α/2)

= π
−n/2 |V |−1/2|(V−1 +X ′X)−1|1/2 δ α/2

δ̄ ᾱ/2

Γ(ᾱ/2)
Γ(α/2)

= π
−n/2 |V |−1/2|(V−1 +X ′X)|−1/2 δ α/2

δ̄ ᾱ/2

Γ(ᾱ/2)
Γ(α/2)

= π
−n/2 |V (V−1 +X ′X)|−1/2 δ α/2

δ̄ ᾱ/2

Γ(ᾱ/2)
Γ(α/2)

= π
−n/2 |Ik +V X ′X |−1/2 δ α/2

δ̄ ᾱ/2

Γ(ᾱ/2)
Γ(α/2)

(a.3.10.52)
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derivations for equation (3.10.27)

Rearrange the expression:

f (y)

≈ f (y|β ∗,σ∗)π(β ∗,σ∗)
π(σ∗|y,β ∗)× 1

J ∑
J
j=1 π(β ∗|σ ( j),y)

= (2πσ)−n/2 exp
(
−1

2
(y−Xβ )′(y−Xβ )

σ

)
×

(2π)−k/2|V |−1/2 exp
(
−1

2(β −b)′V−1(β −b)
)

1
J ∑

J
j=1(2π)−k/2|V̄ |−1/2 exp

(
−1

2(β − b̄)′V̄−1(β − b̄)
)

×
δ/2α/2

Γ(α/2)σ
−α/2−1 exp

(
− δ

2σ

)
δ̄/2ᾱ/2

Γ(ᾱ/2)σ
−ᾱ/2−1 exp

(
− δ̄

2σ

)
= 2−n/2

π
−n/2

σ
−n/2 exp

(
−1

2
(y−Xβ )′(y−Xβ )

σ

)
×

(2π)−k/2|V |−1/2 exp
(
−1

2(β −b)′V−1(β −b)
)

1
J ∑

J
j=1(2π)−k/2|V̄ |−1/2 exp

(
−1

2(β − b̄)′V̄−1(β − b̄)
)

× Γ(ᾱ/2)
Γ(α/2)

2(α+n)/2

2α/2

δ α/2σ−α/2−1 exp
(
− δ

2σ

)
δ̄ ᾱ/2 σ−(α+n)/2−1 exp

(
− δ̄

2σ

)
= 2−n/2

π
−n/2

σ
−n/2 ×

(2π)−k/2|V |−1/2 exp
(
−1

2(β −b)′V−1(β −b)
)

1
J ∑

J
j=1(2π)−k/2|V̄ |−1/2 exp

(
−1

2(β − b̄)′V̄−1(β − b̄)
)

× Γ(ᾱ/2)
Γ(α/2)

2(α+n)/2

2α/2

δ α/2σ−α/2−1 exp
(
− δ+(y−Xβ )′(y−Xβ )

2σ

)
δ̄ ᾱ/2 σ−(α+n)/2−1 exp

(
− δ̄

2σ

)
= 2−n/2

π
−n/2

σ
−n/2 ×

(2π)−k/2|V |−1/2 exp
(
−1

2(β −b)′V−1(β −b)
)

1
J ∑

J
j=1(2π)−k/2|V̄ |−1/2 exp

(
−1

2(β − b̄)′V̄−1(β − b̄)
)

× Γ(ᾱ/2)
Γ(α/2)

2(α+n)/2

2α/2

δ α/2σ−α/2−1 exp
(
− δ̄

2σ

)
δ̄ ᾱ/2 σ−(α+n)/2−1 exp

(
− δ̄

2σ

)
= π

−n/2 |V |−1/2 exp
(
−1

2(β −b)′V−1(β −b)
)

1
J ∑

J
j=1 |V̄ |−1/2 exp

(
−1

2(β − b̄)′V̄−1(β − b̄)
) Γ(ᾱ/2)

Γ(α/2)
δ α/2

δ̄ ᾱ/2

= π
−n/2 exp

(
−1

2(β −b)′V−1(β −b)
)

1
J ∑

J
j=1 |V |1/2|V̄ |−1/2 exp

(
−1

2(β − b̄)′V̄−1(β − b̄)
) Γ(ᾱ/2)

Γ(α/2)
δ α/2

δ̄ ᾱ/2

= π
−n/2 exp

(
−1

2(β −b)′V−1(β −b)
)

1
J ∑

J
j=1 |V |1/2|(V−1 +σ−1X ′X)−1|−1/2 exp

(
−1

2(β − b̄)′V̄−1(β − b̄)
) Γ(ᾱ/2)

Γ(α/2)
δ α/2

δ̄ ᾱ/2

= π
−n/2 exp

(
−1

2(β −b)′V−1(β −b)
)

1
J ∑

J
j=1 |V |1/2|V−1 +σ−1X ′X |1/2 exp

(
−1

2(β − b̄)′V̄−1(β − b̄)
) Γ(ᾱ/2)

Γ(α/2)
δ α/2

δ̄ ᾱ/2

= π
−n/2 exp

(
−1

2(β −b)′V−1(β −b)
)

1
J ∑

J
j=1 |Ik +σ−1V X ′X |1/2 exp

(
−1

2(β − b̄)′V̄−1(β − b̄)
) Γ(ᾱ/2)

Γ(α/2)
δ α/2

δ̄ ᾱ/2
(a.3.10.53)
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derivations for equation (3.10.29)

Substitute for the functions and rearrange:

1
f (y)

≈ 1
J

J

∑
j=1

g(θ ( j))

f (y|β ( j),σ ( j),γ( j)) π(β ( j)) π(σ ( j)) π(γ( j))

=
1
J

J

∑
j=1

ω−1(2π)−(k+h+1)/2|Σ̂|−1/2 exp
(
−1

2(θ − θ̂)′Σ̂−1(θ − θ̂)
)
1(θ ∈ Θ̂) (2πσ)−n/2 |W |−1/2 exp

(
−1

2
(y−Xβ )′W−1(y−Xβ )

σ

)
× (2π)−k/2|V |−1/2 exp

(
−1

2(β −b)′V−1(β −b)
)

× δ/2α/2

Γ(α/2)σ
−α/2−1 exp

(
− δ

2σ

)
× (2π)−h/2|Q|−1/2 exp

(
−1

2(γ−g)′Q−1(γ−g)
)


=

1
J

J

∑
j=1

1(θ ∈ Θ̂) ω
−1(2π)(n+k+h−(k+h+1))/2 |Σ̂|−1/2 |W |1/2 |V |1/2 |Q|1/2 Γ(α/2)

δ/2α/2 σ
(α+n)/2+1

× exp
(

1
2

[
(y−Xβ )′(σW )−1(y−Xβ )+(β −b)′V−1(β −b)+δσ−1

+(γ−g)′Q−1(γ−g)− (θ − θ̂)′Σ̂−1(θ − θ̂)

])
= (ωJ)−1(2π)(n−1)/2 |Σ̂|−1/2 |V |1/2 |Q|1/2 Γ(α/2)

δ/2α/2

×
J

∑
j=1

1(θ ∈ Θ̂) |W |1/2
σ
(α+n)/2+1 exp

(
1
2

[
(y−Xβ )′(σW )−1(y−Xβ )+(β −b)′V−1(β −b)
+δσ−1 +(γ−g)′Q−1(γ−g)− (θ − θ̂)′Σ̂−1(θ − θ̂)

])
(a.3.10.54)

Using logs on both sides yields:

−log( f (y))≈ log
(
(ωJ)−1(2π)(n−1)/2 |Σ̂|−1/2 |V |1/2 |Q|1/2 Γ(α/2)

δ/2α/2

)
+log

(
J

∑
j=1

1(θ ∈ Θ̂) |W |1/2
σ
(α+n)/2+1 exp

(
1
2

[
(y−Xβ )′(σW )−1(y−Xβ )+(β −b)′V−1(β −b)
+δσ−1 +(γ−g)′Q−1(γ−g)− (θ − θ̂)′Σ̂−1(θ − θ̂)

]))
(a.3.10.55)

or:

log( f (y))≈−log
(
(ωJ)−1(2π)(n−1)/2 |Σ̂|−1/2 |V |1/2 |Q|1/2 Γ(α/2)

δ/2α/2

)
−log

(
J

∑
j=1

1(θ ∈ Θ̂) |W |1/2
σ
(α+n)/2+1 exp

(
1
2

[
(y−Xβ )′(σW )−1(y−Xβ )+(β −b)′V−1(β −b)
+δσ−1 +(γ−g)′Q−1(γ−g)− (θ − θ̂)′Σ̂−1(θ − θ̂)

]))
(a.3.10.56)
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derivations for equation (3.10.32)

Substitute for the functions and rearrange:

1
f (y)

≈ 1
J

J

∑
j=1

g(θ ( j))

f (y|β ( j),σ ( j),φ ( j)) π(β ( j)) π(σ ( j)) π(φ ( j))

=
1
J

J

∑
j=1

ω−1(2π)−(k+q+1)/2|Σ̂|−1/2 exp
(
−1

2(θ − θ̂)′Σ̂−1(θ − θ̂)
)
1(θ ∈ Θ̂)[

(2πσ)−T/2 exp
(
−1

2(ε−Eφ)′σ−1(ε−Eφ)
)
× (2π)−k/2|V |−1/2 exp

(
−1

2(β −b)′V−1(β −b)
)

× δ/2α/2

Γ(α/2)σ
−α/2−1 exp

(
− δ

2σ

)
× (2π)−q/2|Z|−1/2 exp

(
−1

2(φ − p)′Z−1(φ − p)
) ]

=
1
J

J

∑
j=1

1(θ ∈ Θ̂) ω
−1(2π)(T+k+q−(k+q+1))/2 |Σ̂|−1/2 |V |1/2 |Z|1/2 Γ(α/2)

δ/2α/2 σ
(α+T )/2+1

× exp
(

1
2

[
(ε−Eφ)′σ−1(ε−Eφ)+(β −b)′V−1(β −b)
+δσ−1 +(φ − p)′Z−1(φ − p)− (θ − θ̂)′Σ̂−1(θ − θ̂)

])
= (ωJ)−1(2π)(T−1)/2 |Σ̂|−1/2 |V |1/2 |Z|1/2 Γ(α/2)

δ/2α/2

×
J

∑
j=1

1(θ ∈ Θ̂)σ (α+T )/2+1 exp
(

1
2

[
(ε−Eφ)′σ−1(ε−Eφ)+(β −b)′V−1(β −b)
+δσ−1 +(φ − p)′Z−1(φ − p)− (θ − θ̂)′Σ̂−1(θ − θ̂)

])
(a.3.10.57)

Using logs on both sides yields:

−log( f (y))≈ log
(
(ωJ)−1(2π)(T−1)/2 |Σ̂|−1/2 |V |1/2 |Z|1/2 Γ(α/2)

δ/2α/2

)
+log

(
J

∑
j=1

1(θ ∈ Θ̂)σ (α+T )/2+1 exp
(

1
2

[
(ε−Eφ)′σ−1(ε−Eφ)+(β −b)′V−1(β −b)
+δσ−1 +(φ − p)′Z−1(φ − p)− (θ − θ̂)′Σ̂−1(θ − θ̂)

]))
(a.3.10.58)

or:

log( f (y))≈−log
(
(ωJ)−1(2π)(T−1)/2 |Σ̂|−1/2 |V |1/2 |Z|1/2 Γ(α/2)

δ/2α/2

)
−log

(
J

∑
j=1

1(θ ∈ Θ̂)σ (α+T )/2+1 exp
(

1
2

[
(ε−Eφ)′σ−1(ε−Eφ)+(β −b)′V−1(β −b)
+δσ−1 +(φ − p)′Z−1(φ − p)− (θ − θ̂)′Σ̂−1(θ − θ̂)

]))
(a.3.10.59)
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